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The symmetric genus of a finite group G has been defined by Thomas W. Tucker 
as the smallest genus of all surfaces on which G acts faithfully as a group of 
automorphisms (some of which may reverse the orientation of the surface). This 
note announces the symmetric genus of all finite alternating and symmetric 
groups. 0 1985 Academic Press, Inc. 
In a recent paper [4], Thomas Tucker defines the symmetric genus u(G) 
of a finite group G as the smallest genus of all surfaces on which G acts 
faithfully as a group of automorphisms. By allowing automorphisms which 
reverse orientation, he extends a theorem of Hurwitz, bounding the order 
of the automorphism group of any orientable surface of given genus g > 1. 
This has the particular consequence that 1GI < 168(0(G) - 1) whenever 
a(G) > 1. Moreover, this bound is attained precisely when the group G has 
a presentation in the form (a, b, cla2 = b2 = c2 = 1, (ab)2 = (bc)3 = (ca)’ = 
l;.. ) such that the elements ab and bc generate a subgroup Go of index 
two in G. (In that case, Go is the group of orientation-preserving (or con- 
formal) automorphisms of the corresponding surface.) Tucker applies the 
latter condition, using our results from [ 11, to the finite alternating groups 
A, and symmetric groups C,, giving 
and 
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for all but finitely many positive integers n. (Note that since A, has no sub- 
group of index two, it must always act without orientating-reversing 
elements.) 
In this paper we give the symmetric genus of each of the remaining alter- 
nating and symmetric groups. The results depend heavily on the work of 
Tucker, so we encourage the reader to consult [4], especially for 
background material on group actions, branched coverings and surface 
homeomorphisms of finite order. 
A careful inspection of the proof of Theorem 12 from Tucker’s paper 
yields the following information. 
Suppose the finite group G acts faithfully on an orientable surface S 
whose characteristic x(S) satisfies -& IGI < x(S) < 0. Then the subgroup Go 
of orientation-preserving automorphisms has at most four branch points in 
the covering p: S + S/G”, the quotient surface S/G” being necessarily the 
sphere, and in particular if G acts with reflections then G/G” has exactly 
one fixed circle on S/G”. 
According to the number and position of the branch points, we can dis- 
tinguish live possibilities, as follows: 
Case (i). G acts without reflections. 
In this case there are exactly three branch points, their orders p, q, r 
satisfying 2 < (l/p) + (l/q) + (l/r) < 1. Correspondingly G has a presen- 
tation in the form (x, y, zjxp = y4 = zr = xyz = 1, * . * ), and we have also 
x(S)= IGJ 
1 1 1 
-1+-+-+- . 
P 4 r > 
Case (ii). G acts with reflections, and Go has three branch points, all 
lying on the fixed circle C. 
In this case the orders p, q, r of the branch points satisfy 
3 < (l/p) + (l/q) + (l/r) < 1. Correspondingly G has a presentation in the 
form (a, b, cla2 = b2 = c2 = 1, (ab)” = (bc)q = (ca)r = 1, . *. ), such that ab 
and bc generate the subgroup Go (of index two in G), and then 
x(S)= IGI - -+ ( ; i(j+i+i)). 
Case (iii). G acts with reflections, and Go has four branch points, all 
lying on the fixed circle C. 
In this case the orders p, q, r, s of the branch points satisfy 
3 < (l/p) + (l/q) + (l/r) + (l/s) < 2. Correspondingly G has a presentation 
in the form 
(a, b, c, d(a2 = b2 = c2 = d2 = 1, (ab)P = (bc)” = (cd)‘= (da)” = 1, *. * ) 
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such that ab, bc, and cd 
then 
generate the subgroup Go (of index two in G), and 
x(S)= ICI -1+ ( ;t+f+;+;)). 
Case (iv). G acts with reflections, and Go has three branch points, one 
of order q lying on the fixed circle C and the other two lying off C and 
having equal order m, such that 4 < (l/m) + (1/2q) c 1. Correspondingly G 
has a presentation in the form (a, xja2 = 1, x”’ = (axax-r ) q = 1, * * * ) such 
that x and axa generate the subgroup Go (of index two in G), and then 
Case (v). G acts with reflections, and Go has four branch points, two of 
orders p, q (resp.) lying on the fixed circle C and the other two lying off C 
and having equal order m, such that 2 < (l/m) + (1/2p) + (1/2q) < 1. 
Correspondingly G has a presentation in the form (a, b, x(a2 = b2 = 1, 
xm=(ab)P=(axbx-‘)q= l;.. ), such that x and ab and axb generate the 
subgroup Go (of index two in G), and then 
On the other hand, if G is any finite group which possesses a presen- 
tation in one of these forms, such that in cases (ii) to (iv) the appropriate 
elements generate a subgroup of index two, then G has a faithful action on 
an orientable surface S with the corresponding properties. In particular, the 
genus of this surface will be given by 
IGI 
g = -;X(S)+l=R+l, 
where the ratio R = -2(GI/#) can be calculated directly from the formula 
for x(S) in the appropriate case, using just the orders of certain elements 
which appear in the presentation. 
The theorem of Hurwitz can thus be extended to give more specific infor- 
mation about groups G whose order is close to the bound. 
If 12(0(G) - 1) < IGl f 168(0(G) - l), then the precise value of a(G) may 
be determined by finding (from amongst (i)-(iv)) a form of presentation for 
G which gives the largest possible value for the ratio R. 
This is just what we have done with the alternating and symmetric 
groups. 
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First, the symmetric genus of each of A i, AZ, A3, A,, AS and L’, , Z:,, 
C,, C4 is zero, since these are all spherical space groups (see [4]). Hence 
below we consider A,, for n > 6 and L’,, for n > 5. 
Now, as stated earlier, all but finitely many L’, have a presentation 
in the form of Case (ii) with (p, q, Y) = (2, 3, 7), giving R = 
4(-1+~+~+3)-‘=168anda(C,)=(n!/l68)+l.Infact(see[l]jthisis 
true for n = 22, 28, 35, 36, 37, 42, 49, 50, 52, 56, 57, 58, 63, 64, 65, 70, 71, 
72, 73, 77, 78, 79, 84, 85, 86, 87, 91, 92, 93, 94, 98, 99, 100, 101, 102, 105, 
106, 107, 108, 109, 112, 113, 114, 115, 116, 117, 119, 120, 121, 122, 123, 
124, 126, 127, 128, 129, 130, 132, 133, 134, 135, 136, 137, 138, 140, 141, 
142, 143, 144, 145, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 
158, 159, 160, 161, 162, 163, 164, 165, 166, and for all n 2 168. 
(Incidentally, there is an error in the statement of the final theorem in 
[1]: the integer 139 is missing from the list of those n which final fail to 
satisfy the inequality [n/2] + 2[n/3] + 6[n/7] > 2n - 2; in particular Alj9 is 
nut a Hurwitz group.) 
After 168, the next highest possible value for R is 96, corresponding to 
the form (ii) again, but with (p, q, Y) = (2, 3, 8). Using methods entirely 
similar to those adopted in [ 1] and [2], we have found that Z:, has such a 
presentation whenever n > 47, and for many smaller n also. In particular we 
find a(L’,) = (n!/96) + 1 for n = 10, 17, 25, 26, 27, 29, 32, 33, 34, 38, 39, 40, 
41, 43, 44, 45, 46, 48, 51, 53, 54, 55, 59, 60, 61, 62, 66, 67, 68, 69, 74, 75, 76, 
80, 81, 82, 83, 88, 89, 90, 95, 96, 97, 103, 104, 110, 111, 118, 125, 131, 139, 
146, and 167. 
Next comes R = 84, associated with presentations of the form in (i) with 
(p, q, Y) = (2,3,7). Any group which has such a presentation must act 
always without reflections, and indeed the relations imply that it contains 
no subgroup of index two. Hence we consider just the alternating groups in 
this particular case. It is clear that A, has the required form of presentation 
whenever a(Xn) = (n!/l68) + 1, this being true for all n in the earlier list; 
however, we know also that A, has such a presentation when n = 15, 21, 
29, 43, 45, 51, 66, 80, 81, 88, 96 (see Cl]). Thus all but 64 alternating 
groups A, have symmetric genus (n!/l68)+ 1. 
The next best presentations of form (i) are of course those with 
(p, q, r) = (2, 3, 8), giving R = 48. They occur for A, when n = 13, 16 and 30 
and whenever n is such that Z,, has a presentation corresponding to the 
case R = 96. Consequently a(A,) = (n!/96) + 1 for n = 10, 13, 16, 17, 25, 26, 
27, 30, 32, 33, 34, 38, 39, 40, 41, 44, 46, 48, 53, 54, 55, 59, 60, 61, 62, 67, 68, 
69, 74, 75, 76, 82, 83, 89, 90, 95, 97, 103, 104, 110, 111, 118, 125, 131, 139, 
146, and 167. 
We are left with just 14 alternating groups and 20 symmetric groups to 
consider. It turns out that most of them can be dealt with by finding 
presentations of the forms (i) and (ii) with (p, q, r) = (2,4, 5), (2, 3,9), 
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TABLE I 
Remaining Cases 
n MA ICnI 
o(A,)-l 4Zn) - 1 
5 
6 
8 
9 
11 
12 
13 
14 
15 
16 
18 
19 
20 
21 
23 
24 
30 
31 
47 
- 
40 
x* 
&!* 
24* 
132 
3- 
132 
2 
24* 
84 
48 
36 
36 
40 
84 
132 
T 
30 
48 
40 
40 
40* 
16* 
Y* 
y* 
40* 
Y 
264 
ii* 
48* 
80 
48* 
60 
48* 
60 
72 
48* 
60 
80 
80 
80 
(2, 3, lo), (2, 3, 1 1 ), giving, respectively, R = 40, 36, 30, y in Case (i) and 
R = 80, 72, 60, y in Case (ii). The remaining ones require a little more 
investigation, the details of which would require an amount of explanation 
that is unwarranted in this paper. Instead we summarize the results in 
Table I. 
The entries marked with an asterisk (*) deserve some clarification, 
however. 
First, the alternating groups AT, AS, Ag, and Al4 have minimal presen- 
tations of the form (i) with (p, q, Y) = (2,4,7), (2, 5, 7), (2,4,6), and 
(2, 3, 12), respectively. By “minimal” we mean that the orders p, q, r of the 
generators are as small as possible, giving the largest value for 
R= -2( - 1 + (l/p) + (l/q) + (l/r)) -I. Consequently, 
9! 
44) =z+ 1, 
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14! 
a(&) =x+ 1. 
Next, both C1, and Cz3 have presentations of the form (ii) with 
(p, q, Y) = (2,4,6), but no presentations giving a value of R which is larger 
than 48. Hence a(Z:,) = (n!/48) + 1 for n = 16 and 23. Similarly C13, Z14, 
and Cl9 have presentations of the form (ii) with (p, q, r) = (2, 3, 12), and 
a(C,) = (n!/48) + 1 in these cases too. (Actually Z,, has also a presentation 
of the form (i) with (p, q, r) = (2, 3, S), hence there are at least two distinct 
surfaces for Cl9 having the smallest possible genus.) 
For each of n = 5,6,7,8,9 we find IL’, I< 48( a(&) - 1 ), and presen- 
tations of the form (iv) must be considered; but on the other hand, the 
orders of generating elements are restricted; for example, in the case n = 9 
the order of any branch point must be one of 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 
15, or 20 (the only possible orders for elements of Z,). The best presen- 
tations for CT, C,, and &, are all of the form (ii) anyway, with 
(p, q, Y) = (2,4, 7), (2, 5, 7), and (2, 3, 15), respectively. These give 
7! 
‘(“) 112/3 
=-+ 1, 
8! 
a(.&) = - 
280/l 1 + 1, 
and 
o(q))=;+ 1. 
The group Cs has no presentation of the form (ii) whatsoever, nor has it 
one of the form (iv) with m = 3, hence the largest value for R in this case is 
40, corresponding to a form (i) presentation with (p, q, r) = (2,4, 5). Here 
L’:, acts without reflections on a surface of minimum genus 
a(&) = (5!/40) + 1 = 4. 
This leaves us with the most difficult case, namely the symmetric group 
Z:,. It turns out here that the symmetric genus is obtainable from a presen- 
tation of the form (iii) with (p, q, r, s) = (2, 2, 2,4), giving R = 16. For 
example, we can take as generators the permutations a = (1,2), b = (3,4), 
c = (1, 5), and d= (1, 5)(2,4)(3, 6). In comparison, the best form (i) 
presentations have generators of orders 2, 5, and 6, with R = 15. As for the 
other forms: the only possible orders of branch points are 2, 3,4, and 5 
(since A6 has no element of order greater than 5), however, in no such case 
SYMMETRIC GENUS 185 
can we find a presentation for Z, which gives a value of R larger than 16. 
Even those of form (iv) with (m, 4) = (3,4), (3,5), (4,3), or (5,2), and 
those of form (v) with (m, p, q) = (2,2,3) or (2, 3,2), are impossible. Hence 
a(&) = (6!/16) + 1 = 46. 
Thus we have completed the determination of a(A,) and o(C,). 
The search for the correspondingly minimal presentations in each case 
was carried out by construction and analysis of coset diagrams for the 
appropriate finitely presented groups. For example, in considering form (ii) 
presentations with R = 80, we did this for the (infinite) abstract group 
(X, Y, ZlX2 = Y2 = z2 = 1, (XY)* = ( YzJ4 = (2X)’ = 1 ), 
and found, for instance, that this group has CjO, CS1, and C,, as quotients 
but not C24. The methods we used were entirely similar to those adopted in 
[ 11, and again carried out by hand. Also, however, the same results have 
been confirmed by computer calculation, using the algorithms outlined in 
[3]. These algorithms are designed to determine subgroups of low index in 
a given finitely presented group and to calculate the order of any group 
which is generated by a given small number of permutations of small 
degree-in our case those permutations induced by the generators of the 
finitely presented group on the cosets of a subgroup of low index. Further 
details are available from the author upon request. 
In conclusion, we mention the implications of the above results for the 
theory of Cayley graph embeddings. The genus y(G) of any finite group G 
is defined in [6] as the smallest genus of all surfaces into which can be 
embedded the Cayley graph corresponding to some presentation for G. 
Now Tucker [4] notes that y(G) 6 a(G) always; hence our work gives 
upper bounds for the genus of A,, and C, for all n. In particular, the 
bounds set by Arthur White in [6] can be considerably improved. By 
another of Tucker’s theorems (see [S] ) in fact we have obtained the exact 
value of y(L’,), namely (n!/168) + 1, for all but finitely many n. It may well 
be true that y(Z,) equals a(&) for every n; however, this remains an open 
question (to which our methods have been applied with little success). 
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